In this letter, we examine the role of Coulomb interactions in the emergence of macroscopically ordered states in graphene supported on hexagonal boron nitride substrates. Due to incommensuration effects with the substrate and interactions, graphene can develop gapped low energy modes that spatially conform into a triangular superlattice of quantum rings. In the presence of these modes, we show that Coulomb interactions lead to spontaneous formation of chiral loop currents in bulk and to macroscopic spin-valley order at zero temperature. We show that this exotic state breaks time reversal symmetry and can be detected with interferometry and polar Kerr measurements. Introduction. In spite of the presence of quasiparticles with Dirac cone spectrum [1], the emergence of topological order in graphene is hindered by the fermionic doubling problem, where electrons have a four-fold degeneracy in valleys and spins [2]. Due to the vanishingly small density of states (DOS) at the Dirac points, many-body instabilities in general are quantum critical and require strong coupling regimes [3]. We argue that one promising possibility to generate many body states that lift the fermionic degeneracy and break time reversal symmetry (TRS) is to use substrates to reconstruct the DOS of graphene near the Dirac points into nearly flat bands.
In this letter, we examine the role of Coulomb interactions in the emergence of macroscopically ordered states in graphene supported on hexagonal boron nitride substrates. Due to incommensuration effects with the substrate and interactions, graphene can develop gapped low energy modes that spatially conform into a triangular superlattice of quantum rings. In the presence of these modes, we show that Coulomb interactions lead to spontaneous formation of chiral loop currents in bulk and to macroscopic spin-valley order at zero temperature. We show that this exotic state breaks time reversal symmetry and can be detected with interferometry and polar Kerr measurements. Introduction. In spite of the presence of quasiparticles with Dirac cone spectrum [1] , the emergence of topological order in graphene is hindered by the fermionic doubling problem, where electrons have a four-fold degeneracy in valleys and spins [2] . Due to the vanishingly small density of states (DOS) at the Dirac points, many-body instabilities in general are quantum critical and require strong coupling regimes [3] . We argue that one promising possibility to generate many body states that lift the fermionic degeneracy and break time reversal symmetry (TRS) is to use substrates to reconstruct the DOS of graphene near the Dirac points into nearly flat bands.
In incommensurate two-layer crystals with honeycomb structure, the Dirac points are protected by a combination of parity and TRS [4] . On top of hexagonal boron nitride (BN), where inversion symmetry is broken, graphene can open a gap in the spectrum of the order of ∼ 20 − 50meV [5] [6] [7] [8] , as recently observed in transport measurements [9] . Due to the 1.8% lattice mismatch between graphene and its substrate [10] [11] [12] and possible twisted configurations between the two [10] [11] [12] [13] [14] , BN creates local potentials in graphene which modulate with the same periodicity of the Moire pattern created by the two incommensurate structures (Fig.1a) [15] . In the continuum limit, the Hamiltonian of graphene in the presence of the BN substrate can be generically written as
where Ψ ν = (ψ νa , ψ νb ) is a two component spinor in the sublattice space in a given valley, σ ν = (νσ 1 , σ 2 ) are the Pauli matrices defined for each valley (ν = ±), v = 6eVÅ is the Fermi velocity, σ =↑↓ indexes the spin andÂ ν (r) = µ(r)σ 0 + νA(r) · σ ν + M (r)σ 3 are the local scalar, vector and mass term potentials induced by the BN substrate, which spatially modulate with the Moire pattern. In leading order,Â ν (r) ≈ 3 j=1 cos(G j · r)Â ν , where G j are the reciprocal lattice vectors in the Brillouin zone of the extended unit cell, andÂ ν parametrizes the amplitudes of modulating potentials.
As shown in previous tight binding models [5, 16] , the regions where the mass term changes sign forms a lattice of disconnected quantum rings separating regions with opposite topological charges [18] , as shown in Fig. 1b . In the presence of interactions, the amplitude of the induced mass term is M ≡ max[M (r)] ≈ 50 − 100meV [16, 17] for a Moire supercell with up to 140Å in size [10] [11] [12] . The real space topology of those lines describes an insulating state in the bulk, unlike in twisted graphene bilayers, where inversion symmetry is restored and those gapless lines percolate into a metallic state with Diraclike quasiparticles [5, 19] .
Those 1D circular domain walls can contain gapped low energy modes when the amplitude of the induced mass term M is larger than the finite size gap ≈ v/(2πa) set by the radius of the rings [20] . In this regime, we find that Coulomb interactions lead to spontaneous valley and spin polarization in those quantum rings, which describe chiral loop currents in bulk. We develop an effective lattice model and show that interactions lead to the subsequent formation of macroscopic valley and spin polarized low energy bands at zero temperature. This exotic ordered state explicitly breaks TRS and describes a ferro- magnetic superlattice of spin and valley local moments. We propose that the ferromagnetic valley order can be detected with interferometry experiments and through the polar Kerr effect, which measures the rotation of a linearly polarized beam of light reflected on the sample.
Toy model Hamiltonian. In the presence of Coulomb interactions, the mass term M (r) is a relevant operator in the renormalization group sense, while the scalar term µ(r) and the vector potential term A(r) are not [21] . The latter are small compared to the mass term in the strong coupling regime of the problem, which will be assumed [6] . In this regime, the mass term is the only relevant term and behaves as a periodic function that changes sign in the nodal lines where M (r) = 0.
In cylindrical coordinates, r = (r, θ), the mass term profile for a single quantum ring can be approximated by a step function, namely M (r > a) = −M (r < a) = M , where a is the radius of the quantum ring. The Hamiltonian matrix of a single ring can be written asĤ(r) = H + (r)⊗ ν + +Ĥ − (r)⊗ ν − , where ν ± = (v 0 ± ν 3 )/2 are the valley projection operators, with ν i (i = 1, 2, 3) as Pauli matrices,
is the Hamiltonian in valley ν = + andĤ − =Ĥ * + in the opposite valley (we set v → 1). The eigenvectors that satisfy the equationĤ(r)Φ(r) = EΦ(r) are the four component spinors Φ j,+ (r) = (Ψ j (r), 0) and Φ j,− (r) = 0, Ψ * j (r) , where
with j = m + 1 2 the total angular momentum quantum number (m ∈ Z), including orbital (valley) and pseudo-spin (sublattice) degrees of freedom. Imposing the proper boundary conditions at r = a and r → ∞,
, with I n (x) and K n (x) as modified Bessel functions, and A ± j , B ± j the proper coefficients (see Fig. 2a ). For M a ≫ 1 the wave functions are sharply peaked at r = a, and the states are localized at the domain wall where the mass term changes sign. In the opposite regime, when M a is of the order 1, the electrons can tunnel across the center of the ring and their wavefunctions become extended over the area of each ring, as in a quantum dot. In any case, the energy spectrum of the j energy level is set by the condition which gives a discrete spectrum of gapped low energy modes confined inside the quantum rings, as shown in Fig. 2b as a function of M a.
The energy spectrum inside the gap is particle hole symmetric, with j = m + states respectively, the outer curves having higher |j|. In all cases, there is a critical value of M a below which a given mode dives in the continuum of the band outside the gap. Inside the gap, those discrete levels are sharply defined and describe the circular motion of electrons physically confined inside the quantum rings shown in Fig. 1b . All levels have four-fold degeneracy, with two spins and two valleys. Their spin and orbital degeneracies can be lifted by repulsive interactions, which can give rise to locally polarized states.
Valley and spin polarized states. The Coulomb interaction between the electrons is
where
, with e the electric charge, κ ≈ 2.5 the dielectric constant due to the BN substrate andρ(r) = σ Θ † σ (r)Θ σ (r) is a density operator defined in terms of the field operators Θ σ (r) ≡ ν,j Φ ν,j (r)c ν,σ,j , where c ν,σ,j describes an annihilation operator with spin σ on a given valley and angular momentum state j = m + 1 2 . The Coulomb interaction at the j-th level in a given quantum ring can be written as
where is the valley independent Hubbard coupling andn σ = νn ν,σ describes the occupation of the j-th state in terms of c operators (j level indexes omitted). The Hubbard U term is shown in Fig. 3a as a function of M a and shows a non-monotonic behavior, reflecting the crossover of the wavefunctions for M a 1, when the electrons can easily tunnel through the center of the quantum rings. At M a 0.4, the |j| = 1 2 states merge the continuum, and the toy model description breaks down. The exchange interaction in a given ring is identically zero due to the orthogonality of the eigenspinors in different valleys, Φ † + (r)Φ − (r) = 0 [23] . The problem of an isolated quantum ring in a given j state is dual to the problem of a doubly degenerate orbital with spin 1 2 , and can be mapped in the Coqblin-Bladin model for two degenerate orbitals [24] .
At the mean field level, the effective Hamiltonian of the j-th state with bare energy E 0 is H L = νσ E νσnν,σ , where
is the renormalized energy due to interactions. The occupation of the four degenerate states n ν,σ (ν = ±, σ =↑↓ ) in the j-th level can be calculated self-consistently from the Greens function of the localized c electrons,
, with µ the chemical potential. When the repulsion U is the dominant energy scale, the lowest energy solution is a state where n ν,σ = N + and n ν,−σ = n −ν,σ = n −ν,−σ = N − , which is spin and valley polarized for N + = N − [24] . In this regime,
with s = ±, where x = (µ − E 0 )/U and y = δ/U , with δ the level broadening. In the limit y → 0, when the levels are sharply defined inside the gap, and E 0 < µ < E 0 + U , the lowest energy solution is a maximally spin and valley polarized state with N + = 1 and N − = 0. This state describes a lattice of isolated quantum rings with random spin polarized circulating charge currents.
Nearly
is the kinetic energy of the electrons, with c i the annihilation operator for an electron in a quantum ring centered at R i , and ij indexes nearest neighbor (NN) sites. t is the hopping energy betwen NN rings,
, with r i ≡ r − R i , where δM (r) = δM (r)σ 3 ⊗ ν 0 is the the mass potential that restores the periodicity of the superlattice when added to the step function potential M (r) = M sign(r − a) due to one isolated quantum ring at the origin. The second term, H U,i , is the on-site Coulomb interaction (6) on a given site i in the superlattice, and is defined byn i,ν,σ density operators. The third one, H C,ij , describes the Coulomb interaction (5) between different superlattice sites.
The hopping amplitude t shown in Fig. 3b has a nonmonotonic behavior as a function of M a which mimics the behavior of the Hubbard U coupling, and is typically one order of magnitude smaller than the Coulomb interaction, U/|t| 7. In particular, for M ≈ 50 − 100meV [17] and for a typical superlattice size of 3a ≈ 140Å [11, 12] in graphene nearly aligned with BN, M a ∈ [0.4, 0.8], which corresponds to a ratio 7 U/t 9. At quarter filling (µ = 0), that suggests that correlations keep the gapped 1D modes inside the rings strongly localized. In order to account for the macroscopic order of the chiral loop currents in bulk, we examine the electronic correlations among the rings.
As electrons hop between different superlattice sites, the on-site correlation tends to align either their valley or spin quantum numbers antiferromagnetically due to Pauli principle, in order to reduce the energy cost of the kinetic energy. In second order of perturbation theory, the super-exchange interaction among the rings is given by
. This term maps into the SU(4) Heisenberg Hamiltonian
in a triangular lattice, where S i is a spin 1 2 operator on site i and τ i the equivalent pseudo-spin operator, which acts in the valleys. This Hamiltonian is frustrated and is expected to describe a spin-orbital liquid in the ground state [26] .
The Coulomb interaction between rings, H C,ij , follows directly from Hamiltonian (5) by properly including the superlattice into the definition of the field operators Θ σ (r) = ν,i Φ ν (r i )c i,νσ . This term can be written explicitly in the form of the exchange interaction
, and can also be cast into the form of an SU (4) Heisenberg model
When J > t 2 /U , the exchange coupling dominates and drives the system into a spin-valley ferromagnetic state with true long range order at zero temperature, giving rise to spin-valley polarized low energy bands. At strong enough coupling, those bands are expected to become nearly flat. In the corresponding midgap band formed by j = − 1 2 levels, the spin-valley ferromagnetic state emerges for 0.4 M a 1.1, as shown in Fig. 3c . In this interval, J 0.1M ∼ 5 − 10meV. Although knowing the exact polarization of the low energy bands requires self-consistently solving a non-trivial strongly correlated problem, when U ≫ t interactions are strong and lead to a net spin-valley polarization in the midgap states at zero temperature.
Experimental observation. In the valley ferromagnetic state, the loop currents in bulk break TRS and produce a ferromagnetic lattice of local magnetic moments ≈ µ B , with µ B a Bohr magneton. An external magnetic field H couples with the spin-valley moments through the Zeeman coupling, H Z = −2µ B (τ + S) · H. Due to the proximity of the ordered ground state at T = 0, a very weak applied magnetic field µ B H z ∼ 0.01k B T can produce a large spin-valley magnetization ∼ 1µ B [27] . For instance, at temperatures T ∼ 0.01J/k B 1K, the required applied field can be smaller than H z 0.01 T. In this regime, this state can generate a macroscopic flux Φ that is proportional to the spin-valley polarization. This flux can be detected with standard superconducting quantum interference devices placed on top of graphene [28] , as illustrated in Fig. 4a .
When linearly polarized light is applied over an atomically thin medium that breaks TRS, the light polarization rotates by the Kerr angle θ K (ω) = 8π/[c(n 2 − 1)]Re σ xy (ω) [29] , where σ xy is the anomalous Hall conductivity [30] , which is proportional to the valley polarization [31] , c is the speed of light and n ≈ 2.5 is the refraction index of the BN substrate. Within the toy model (2), the anomalous Hall conductivity can be derived by defining the electronic Green's function
in terms of the Bloch waves in the superlattice for a given valley ν, Φ ν,j,k (r) = i Φ ν,j (r i )e ik·Ri . For simplicity, we assume that E j is the energy of a dispersionless flat band indexed by the angular momentum state j and γ is the inverse of the quasiparticle lifetime.
The anomalous Hall conductivity in valley ν = + follows from the current-current correlation function Π xy (r, r
. In momentum space, the optical Hall conductivity is σ xy (ω) = (i/ω) lim q→0 Π xy (q, −q, ω). The transitions between the valley polarized j = ± 1 2 bands dominate the Hall response for frequencies near the optical gap ∆ = 2E j= 1 2 . In this frequency range (∼ 10 13 Hz), the zero temperature response is [16] 
restoring , where Λ ∼ 2π/(3a) is the size of the Moire Brillouin zone and c 0 = d
(r) ≈ 0.81. For γ ∼ 15meV [32] and vΛ ≈ 0.26eV, which corresponds to a Moire unit cell of 140Å, the Kerr angle is θ K ∼ 10 −2 radians for maximal valley polarization, as shown in Fig. 4b . For a weak valley magnetization of 0.1µ B , the Kerr rotation is θ K ∼ 10 −3 , which is still very large. This effect that can be detected with THz/infrared Kerr experimental setups [32] . In the visible range, Hall Kerr measurements are extremely sensitive and are able to detect rotations as small as θ K ∼ 10 −9 radians [33] . By changing the occupation of the midgap states, the valley ferromagnetic order can be controlled with a gate voltage. This exotic state has clear experimental sig-natures and can lead to the experimental realization of valley order in graphene at low temperature and weak applied magnetic fields [34] .
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EFFECTIVE HAMILTONIAN IN THE CONTINUUM
In the absence of interactions, the Hamiltonian of a two layer system is described by three terms,
The first two terms describe the kinetic energy in each of the layers in separate, which in tight binding form is
with l = 1, 2 indexing the different layers, whereψ a (ψ b ) is an annihilation operator acting on sublattice A (B) of each layer, n l is an on-site density operator on layer l, t ∼ 3eV is the in-plane hopping energy, µ l is the chemical potential, m l is the intrinsic mass gap of each layer and ij indicate sum over the nearest neighbor sites. Spin indexes will be omitted. For graphene on BN, we have µ 1 = m 1 = 0, µ 2 ≡ V and m 2 ≡ m = 0. Theψ a,b (r) operators can be written in a basis of Bloch wave functions as [1, 2] 
where ψ x (x = A, B) define the new fermionic operators,
is the corresponding Block wave function for each layer, R 0 x,l gives the position of a given arbitrary site on sublattice x and layer l, and ν = ± correspond to the two different valleys, each one represented by three distinct K a ν,l vectors located at the corners of the Brillouin zone . In the continuum limit,
where Ψ = (ψ a , ψ b ) is a two component spinor in the sublattice space of each layer, σ ν = (νσ 1 , σ 2 ) are the Pauli matrices defined for each valley and v = 6eVÅ is the Fermi velocity, and V l are the local scalar potential in both layers. The third term in (13), H 1−2 , describes the electronic hopping between the two layers, which in the continuum limit is described by
is the interlayer hopping matrix, with t ⊥ ∼ 0.4 eV the hopping amplitude [3] . The effective Hamiltonian of the gapless layer 1 (graphene) can be computed directly by integrating out the electrons in the second layer,H 1 = H 1 + δH 1 where the second term describes the effective local potentials induced by layer 2. In lowest order in perturbation theory [4] ,
where ω is the interlayer applied bias voltage, and
In the first star approximation [2] , where backscattering process are restricted to the first BZ of the extended unit cell, the spacial modulation of those fields can be approximated to a sum over the three reciprocal lattice vectors G j of the extended unit cell [1] ,Â ν (r) =t ν,⊥ (r)Mt † ν,⊥ (r) ≈ 
whereÂ ν is in the formÂ ν ≡ µσ 0 + A · σ ν + M σ 3 . For graphene at half filling on BN, the microscopic parameters can be extracted from ab initio calculations. The intrinsic BN gap is m ≈ 2.3 eV and V ≈ 0.8eV [3] . At zero interlayer bias, η = −0.5, which describes Fig. 1 of the main text at small twist angles.
For t ⊥ ≈ 0.4eV and zero bias, the maximal allowed amplitude for the mass term is M ≈ t 2 ⊥ /(m − V ) ∼ 100meV. In the absence of interactions, one may adopt a conservative estimate of M ≈ 50 meV, which is consistent with recent ab initio results [5] . Many-body effects can significantly renormalize M and make it substantially larger [6, 7] . In the manuscript, we consider the effects of renormalized low energy bands corresponding to an amplitude of the mass term in the range M ∼ 50 − 100meV.
ANOMALOUS HALL CONDUCTIVITY
The Bloch wave functions for electrons in a lattice of quantum rings is 
is the wavefunction in a given ring on valley v = +. The real space Green's function is
with ǫ j the energy of a dispersionless flat band j. The Fourier transform of the Green's function in momentum space is
iω − ǫ j e ip·(r−r ′ ) .
The current-current correlation function is
